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transmission probability of much less than one.
In addition, the on-site Coulomb energy U tends
to block the state with an extra electron on the
dot. Although U is an order of magnitude larger
than the characteristic energy scale kBTK (kB is
the Boltzmann constant), the Kondo effect com-
pletely determines electron tunneling at low en-
ergies (i.e., low T and VSD). In the absence of the
Kondo effect (e.g., for electron number N !
even), the system consists of two separated
Fermi seas. In contrast, for N ! odd, the screen-
ing of the local spin creates a single, extended
many-body system with a single, well-defined
Fermi surface extending throughout the whole
system. The quasiparticles at this Fermi surface
no longer experience the repulsive barrier po-
tentials nor the on-site Coulomb repulsion. Be-
cause the local spin for N ! odd is completely
screened and because the dot has zero spin for

N ! even, the whole system of leads and dot is
in a singlet state over a wide gate voltage range
(between –430 and –350 mV in Fig. 2A), al-
though the nature of the ground state in the even
and odd valleys is very different.

For a quantitative analysis, we rewrite Eq.
1 as ln(TK) ! "!0(!0 # U )/$U # constant,
indicating a quadratic dependence for ln(TK)
on gate voltage Vgl (16 ). Following the work
in (17 ), we fit G versus T for different gate
voltages (Fig. 3C) to the empirical function

G%T & ! G0! T K
'2

T 2 " T K
'2" s

(2)

with TK' ! TK/(21/s – 1)1/2, where the fit
parameter s ( 0.2 for a spin-1⁄2 system (17,
18). Figure 3B shows the obtained Kondo
temperatures TK versus Vgl. The red parabola

demonstrates that the obtained values for TK

are in excellent agreement with Eq. 1 (19).
The Kondo temperature, as derived above,

is obtained from the linear response conduc-
tance. In earlier works (8–12), estimates for TK

were obtained from measurements of dI/dVSD

versus VSD (I is the current between source and
drain). In that case, the full width at half max-
imum (FWHM) was set equal to kBTK/e. How-
ever, applying a finite VSD introduces dephas-
ing even at T ! 0 (6, 20). To compare these two
methods, we also plot FWHM/kB measured for
different gate voltages at the base temperature
(Fig. 3B). Also, now we find a parabolic de-
pendence, but the values are larger than TK

obtained from linear-response measurements.
The difference may indicate the amount of
dephasing due to a nonzero VSD.

The normalized conductance, G/(2e2/h), is

Fig. 1 (left). (A) Atomic force microscope image of the device. An AB ring is
defined in a 2DEG by dry etching of the dark regions (depth is)75 nm). The
2DEG with electron density nS! 2.6* 1015 m+2 is situated 100 nm below
the surface of an AlGaAs/GaAs heterostructure. In both arms of the ring
(lithographic width, 0.5,m; inner perimeter, 6.6,m), a quantum dot can be
defined by applying negative voltages to gate electrodes. The gates at the
entry and exit of the ring are not used. A quantum dot of size)200 nm by
200 nm, containing )100 electrons, is formed in the lower arm using gate voltages Vgl and Vgr (the central plunger gate was not working). The average
energy spacing between single-particle states is )100 ,eV. The conductance of the upper arm, set by Vgu, is kept at zero, except for AB
measurements. (B) Color plot of the conductance G as function of Vgl and B for Vgr ! +448 mV and T ! 15 mK. The upper arm of the AB ring
is pinched off by Vgu ! +1.0 V. Red and blue correspond to high and low conductance, respectively. (C) Two selected traces G(Vgl) for B ! 0
and 0.4 T. The Coulomb oscillations at B ! 0 correspond to the oscillating color in (B). For some ranges of B, the valley conductance increases
considerably, reaching values close to 2e 2/h, i.e., the unitary limit [e.g., along the yellow dashed line at 0.4 T in (B)]. Fig. 2 (right). (A)
Coulomb oscillations in G versus Vgl at B ! 0.4 T for different temperatures. T ranges from 15 mK (thick black trace) up to 800 mK (thick red
trace). Vgr is fixed at +448 mV. The red line in the right inset highlights the logarithmic T dependence between )90 and )500 mK for Vgl !
+413 mV. The left inset explains the variables used in the text with $ ! $L # $R. !0 is negative and measured from the Fermi level in the leads
at equilibrium. (B) Differential conductance dI/dVSD versus dc bias voltage between source and drain contacts VSD for T ranging from 15 mK (thick
black trace) up to 900 mK (thick red trace), at Vgl ! +413 mV and B ! 0.4 T. The inset shows that the width of the zero-bias peak, measured
from the FWHM, increases linearly with T. The red line indicates a slope of 1.7 kB/e. At 15 mK, the FWHM ! 64 ,V, and it starts to saturate
around 300 mK.
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transmission probability of much less than one.
In addition, the on-site Coulomb energy U tends
to block the state with an extra electron on the
dot. Although U is an order of magnitude larger
than the characteristic energy scale kBTK (kB is
the Boltzmann constant), the Kondo effect com-
pletely determines electron tunneling at low en-
ergies (i.e., low T and VSD). In the absence of the
Kondo effect (e.g., for electron number N !
even), the system consists of two separated
Fermi seas. In contrast, for N ! odd, the screen-
ing of the local spin creates a single, extended
many-body system with a single, well-defined
Fermi surface extending throughout the whole
system. The quasiparticles at this Fermi surface
no longer experience the repulsive barrier po-
tentials nor the on-site Coulomb repulsion. Be-
cause the local spin for N ! odd is completely
screened and because the dot has zero spin for

N ! even, the whole system of leads and dot is
in a singlet state over a wide gate voltage range
(between –430 and –350 mV in Fig. 2A), al-
though the nature of the ground state in the even
and odd valleys is very different.

For a quantitative analysis, we rewrite Eq.
1 as ln(TK) ! "!0(!0 # U )/$U # constant,
indicating a quadratic dependence for ln(TK)
on gate voltage Vgl (16 ). Following the work
in (17 ), we fit G versus T for different gate
voltages (Fig. 3C) to the empirical function

G%T & ! G0! T K
'2

T 2 " T K
'2" s

(2)

with TK' ! TK/(21/s – 1)1/2, where the fit
parameter s ( 0.2 for a spin-1⁄2 system (17,
18). Figure 3B shows the obtained Kondo
temperatures TK versus Vgl. The red parabola

demonstrates that the obtained values for TK

are in excellent agreement with Eq. 1 (19).
The Kondo temperature, as derived above,

is obtained from the linear response conduc-
tance. In earlier works (8–12), estimates for TK

were obtained from measurements of dI/dVSD

versus VSD (I is the current between source and
drain). In that case, the full width at half max-
imum (FWHM) was set equal to kBTK/e. How-
ever, applying a finite VSD introduces dephas-
ing even at T ! 0 (6, 20). To compare these two
methods, we also plot FWHM/kB measured for
different gate voltages at the base temperature
(Fig. 3B). Also, now we find a parabolic de-
pendence, but the values are larger than TK

obtained from linear-response measurements.
The difference may indicate the amount of
dephasing due to a nonzero VSD.

The normalized conductance, G/(2e2/h), is

Fig. 1 (left). (A) Atomic force microscope image of the device. An AB ring is
defined in a 2DEG by dry etching of the dark regions (depth is)75 nm). The
2DEG with electron density nS! 2.6* 1015 m+2 is situated 100 nm below
the surface of an AlGaAs/GaAs heterostructure. In both arms of the ring
(lithographic width, 0.5,m; inner perimeter, 6.6,m), a quantum dot can be
defined by applying negative voltages to gate electrodes. The gates at the
entry and exit of the ring are not used. A quantum dot of size)200 nm by
200 nm, containing )100 electrons, is formed in the lower arm using gate voltages Vgl and Vgr (the central plunger gate was not working). The average
energy spacing between single-particle states is )100 ,eV. The conductance of the upper arm, set by Vgu, is kept at zero, except for AB
measurements. (B) Color plot of the conductance G as function of Vgl and B for Vgr ! +448 mV and T ! 15 mK. The upper arm of the AB ring
is pinched off by Vgu ! +1.0 V. Red and blue correspond to high and low conductance, respectively. (C) Two selected traces G(Vgl) for B ! 0
and 0.4 T. The Coulomb oscillations at B ! 0 correspond to the oscillating color in (B). For some ranges of B, the valley conductance increases
considerably, reaching values close to 2e 2/h, i.e., the unitary limit [e.g., along the yellow dashed line at 0.4 T in (B)]. Fig. 2 (right). (A)
Coulomb oscillations in G versus Vgl at B ! 0.4 T for different temperatures. T ranges from 15 mK (thick black trace) up to 800 mK (thick red
trace). Vgr is fixed at +448 mV. The red line in the right inset highlights the logarithmic T dependence between )90 and )500 mK for Vgl !
+413 mV. The left inset explains the variables used in the text with $ ! $L # $R. !0 is negative and measured from the Fermi level in the leads
at equilibrium. (B) Differential conductance dI/dVSD versus dc bias voltage between source and drain contacts VSD for T ranging from 15 mK (thick
black trace) up to 900 mK (thick red trace), at Vgl ! +413 mV and B ! 0.4 T. The inset shows that the width of the zero-bias peak, measured
from the FWHM, increases linearly with T. The red line indicates a slope of 1.7 kB/e. At 15 mK, the FWHM ! 64 ,V, and it starts to saturate
around 300 mK.
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transmission probability of much less than one.
In addition, the on-site Coulomb energy U tends
to block the state with an extra electron on the
dot. Although U is an order of magnitude larger
than the characteristic energy scale kBTK (kB is
the Boltzmann constant), the Kondo effect com-
pletely determines electron tunneling at low en-
ergies (i.e., low T and VSD). In the absence of the
Kondo effect (e.g., for electron number N !
even), the system consists of two separated
Fermi seas. In contrast, for N ! odd, the screen-
ing of the local spin creates a single, extended
many-body system with a single, well-defined
Fermi surface extending throughout the whole
system. The quasiparticles at this Fermi surface
no longer experience the repulsive barrier po-
tentials nor the on-site Coulomb repulsion. Be-
cause the local spin for N ! odd is completely
screened and because the dot has zero spin for

N ! even, the whole system of leads and dot is
in a singlet state over a wide gate voltage range
(between –430 and –350 mV in Fig. 2A), al-
though the nature of the ground state in the even
and odd valleys is very different.

For a quantitative analysis, we rewrite Eq.
1 as ln(TK) ! "!0(!0 # U )/$U # constant,
indicating a quadratic dependence for ln(TK)
on gate voltage Vgl (16 ). Following the work
in (17 ), we fit G versus T for different gate
voltages (Fig. 3C) to the empirical function

G%T & ! G0! T K
'2

T 2 " T K
'2" s

(2)

with TK' ! TK/(21/s – 1)1/2, where the fit
parameter s ( 0.2 for a spin-1⁄2 system (17,
18). Figure 3B shows the obtained Kondo
temperatures TK versus Vgl. The red parabola

demonstrates that the obtained values for TK

are in excellent agreement with Eq. 1 (19).
The Kondo temperature, as derived above,

is obtained from the linear response conduc-
tance. In earlier works (8–12), estimates for TK

were obtained from measurements of dI/dVSD

versus VSD (I is the current between source and
drain). In that case, the full width at half max-
imum (FWHM) was set equal to kBTK/e. How-
ever, applying a finite VSD introduces dephas-
ing even at T ! 0 (6, 20). To compare these two
methods, we also plot FWHM/kB measured for
different gate voltages at the base temperature
(Fig. 3B). Also, now we find a parabolic de-
pendence, but the values are larger than TK

obtained from linear-response measurements.
The difference may indicate the amount of
dephasing due to a nonzero VSD.

The normalized conductance, G/(2e2/h), is

Fig. 1 (left). (A) Atomic force microscope image of the device. An AB ring is
defined in a 2DEG by dry etching of the dark regions (depth is)75 nm). The
2DEG with electron density nS! 2.6* 1015 m+2 is situated 100 nm below
the surface of an AlGaAs/GaAs heterostructure. In both arms of the ring
(lithographic width, 0.5,m; inner perimeter, 6.6,m), a quantum dot can be
defined by applying negative voltages to gate electrodes. The gates at the
entry and exit of the ring are not used. A quantum dot of size)200 nm by
200 nm, containing )100 electrons, is formed in the lower arm using gate voltages Vgl and Vgr (the central plunger gate was not working). The average
energy spacing between single-particle states is )100 ,eV. The conductance of the upper arm, set by Vgu, is kept at zero, except for AB
measurements. (B) Color plot of the conductance G as function of Vgl and B for Vgr ! +448 mV and T ! 15 mK. The upper arm of the AB ring
is pinched off by Vgu ! +1.0 V. Red and blue correspond to high and low conductance, respectively. (C) Two selected traces G(Vgl) for B ! 0
and 0.4 T. The Coulomb oscillations at B ! 0 correspond to the oscillating color in (B). For some ranges of B, the valley conductance increases
considerably, reaching values close to 2e 2/h, i.e., the unitary limit [e.g., along the yellow dashed line at 0.4 T in (B)]. Fig. 2 (right). (A)
Coulomb oscillations in G versus Vgl at B ! 0.4 T for different temperatures. T ranges from 15 mK (thick black trace) up to 800 mK (thick red
trace). Vgr is fixed at +448 mV. The red line in the right inset highlights the logarithmic T dependence between )90 and )500 mK for Vgl !
+413 mV. The left inset explains the variables used in the text with $ ! $L # $R. !0 is negative and measured from the Fermi level in the leads
at equilibrium. (B) Differential conductance dI/dVSD versus dc bias voltage between source and drain contacts VSD for T ranging from 15 mK (thick
black trace) up to 900 mK (thick red trace), at Vgl ! +413 mV and B ! 0.4 T. The inset shows that the width of the zero-bias peak, measured
from the FWHM, increases linearly with T. The red line indicates a slope of 1.7 kB/e. At 15 mK, the FWHM ! 64 ,V, and it starts to saturate
around 300 mK.

R E P O R T S

22 SEPTEMBER 2000 VOL 289 SCIENCE www.sciencemag.org2106

 o
n
 A

u
g
u
s
t 
1
6
, 
2
0
0
7
 

w
w

w
.s

c
ie

n
c
e
m

a
g
.o

rg
D

o
w

n
lo

a
d
e
d
 f
ro

m
 van der Wiel et al., Science  289, 2105 (2000)

L R

µ +
eVB

2
µ! eVB

2
eVg



Anderson Impurity in SC Bath with 
Side Coupled Kondo Spin

New directions of superconducting nanostructures,  
Nagoya University, September 4./5. 2009

Institute for Theoretical Physics

transmission probability of much less than one.
In addition, the on-site Coulomb energy U tends
to block the state with an extra electron on the
dot. Although U is an order of magnitude larger
than the characteristic energy scale kBTK (kB is
the Boltzmann constant), the Kondo effect com-
pletely determines electron tunneling at low en-
ergies (i.e., low T and VSD). In the absence of the
Kondo effect (e.g., for electron number N !
even), the system consists of two separated
Fermi seas. In contrast, for N ! odd, the screen-
ing of the local spin creates a single, extended
many-body system with a single, well-defined
Fermi surface extending throughout the whole
system. The quasiparticles at this Fermi surface
no longer experience the repulsive barrier po-
tentials nor the on-site Coulomb repulsion. Be-
cause the local spin for N ! odd is completely
screened and because the dot has zero spin for

N ! even, the whole system of leads and dot is
in a singlet state over a wide gate voltage range
(between –430 and –350 mV in Fig. 2A), al-
though the nature of the ground state in the even
and odd valleys is very different.

For a quantitative analysis, we rewrite Eq.
1 as ln(TK) ! "!0(!0 # U )/$U # constant,
indicating a quadratic dependence for ln(TK)
on gate voltage Vgl (16 ). Following the work
in (17 ), we fit G versus T for different gate
voltages (Fig. 3C) to the empirical function

G%T & ! G0! T K
'2

T 2 " T K
'2" s

(2)

with TK' ! TK/(21/s – 1)1/2, where the fit
parameter s ( 0.2 for a spin-1⁄2 system (17,
18). Figure 3B shows the obtained Kondo
temperatures TK versus Vgl. The red parabola

demonstrates that the obtained values for TK

are in excellent agreement with Eq. 1 (19).
The Kondo temperature, as derived above,

is obtained from the linear response conduc-
tance. In earlier works (8–12), estimates for TK

were obtained from measurements of dI/dVSD

versus VSD (I is the current between source and
drain). In that case, the full width at half max-
imum (FWHM) was set equal to kBTK/e. How-
ever, applying a finite VSD introduces dephas-
ing even at T ! 0 (6, 20). To compare these two
methods, we also plot FWHM/kB measured for
different gate voltages at the base temperature
(Fig. 3B). Also, now we find a parabolic de-
pendence, but the values are larger than TK

obtained from linear-response measurements.
The difference may indicate the amount of
dephasing due to a nonzero VSD.

The normalized conductance, G/(2e2/h), is

Fig. 1 (left). (A) Atomic force microscope image of the device. An AB ring is
defined in a 2DEG by dry etching of the dark regions (depth is)75 nm). The
2DEG with electron density nS! 2.6* 1015 m+2 is situated 100 nm below
the surface of an AlGaAs/GaAs heterostructure. In both arms of the ring
(lithographic width, 0.5,m; inner perimeter, 6.6,m), a quantum dot can be
defined by applying negative voltages to gate electrodes. The gates at the
entry and exit of the ring are not used. A quantum dot of size)200 nm by
200 nm, containing )100 electrons, is formed in the lower arm using gate voltages Vgl and Vgr (the central plunger gate was not working). The average
energy spacing between single-particle states is )100 ,eV. The conductance of the upper arm, set by Vgu, is kept at zero, except for AB
measurements. (B) Color plot of the conductance G as function of Vgl and B for Vgr ! +448 mV and T ! 15 mK. The upper arm of the AB ring
is pinched off by Vgu ! +1.0 V. Red and blue correspond to high and low conductance, respectively. (C) Two selected traces G(Vgl) for B ! 0
and 0.4 T. The Coulomb oscillations at B ! 0 correspond to the oscillating color in (B). For some ranges of B, the valley conductance increases
considerably, reaching values close to 2e 2/h, i.e., the unitary limit [e.g., along the yellow dashed line at 0.4 T in (B)]. Fig. 2 (right). (A)
Coulomb oscillations in G versus Vgl at B ! 0.4 T for different temperatures. T ranges from 15 mK (thick black trace) up to 800 mK (thick red
trace). Vgr is fixed at +448 mV. The red line in the right inset highlights the logarithmic T dependence between )90 and )500 mK for Vgl !
+413 mV. The left inset explains the variables used in the text with $ ! $L # $R. !0 is negative and measured from the Fermi level in the leads
at equilibrium. (B) Differential conductance dI/dVSD versus dc bias voltage between source and drain contacts VSD for T ranging from 15 mK (thick
black trace) up to 900 mK (thick red trace), at Vgl ! +413 mV and B ! 0.4 T. The inset shows that the width of the zero-bias peak, measured
from the FWHM, increases linearly with T. The red line indicates a slope of 1.7 kB/e. At 15 mK, the FWHM ! 64 ,V, and it starts to saturate
around 300 mK.
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transmission probability of much less than one.
In addition, the on-site Coulomb energy U tends
to block the state with an extra electron on the
dot. Although U is an order of magnitude larger
than the characteristic energy scale kBTK (kB is
the Boltzmann constant), the Kondo effect com-
pletely determines electron tunneling at low en-
ergies (i.e., low T and VSD). In the absence of the
Kondo effect (e.g., for electron number N !
even), the system consists of two separated
Fermi seas. In contrast, for N ! odd, the screen-
ing of the local spin creates a single, extended
many-body system with a single, well-defined
Fermi surface extending throughout the whole
system. The quasiparticles at this Fermi surface
no longer experience the repulsive barrier po-
tentials nor the on-site Coulomb repulsion. Be-
cause the local spin for N ! odd is completely
screened and because the dot has zero spin for

N ! even, the whole system of leads and dot is
in a singlet state over a wide gate voltage range
(between –430 and –350 mV in Fig. 2A), al-
though the nature of the ground state in the even
and odd valleys is very different.

For a quantitative analysis, we rewrite Eq.
1 as ln(TK) ! "!0(!0 # U )/$U # constant,
indicating a quadratic dependence for ln(TK)
on gate voltage Vgl (16 ). Following the work
in (17 ), we fit G versus T for different gate
voltages (Fig. 3C) to the empirical function

G%T & ! G0! T K
'2

T 2 " T K
'2" s

(2)

with TK' ! TK/(21/s – 1)1/2, where the fit
parameter s ( 0.2 for a spin-1⁄2 system (17,
18). Figure 3B shows the obtained Kondo
temperatures TK versus Vgl. The red parabola

demonstrates that the obtained values for TK

are in excellent agreement with Eq. 1 (19).
The Kondo temperature, as derived above,

is obtained from the linear response conduc-
tance. In earlier works (8–12), estimates for TK

were obtained from measurements of dI/dVSD

versus VSD (I is the current between source and
drain). In that case, the full width at half max-
imum (FWHM) was set equal to kBTK/e. How-
ever, applying a finite VSD introduces dephas-
ing even at T ! 0 (6, 20). To compare these two
methods, we also plot FWHM/kB measured for
different gate voltages at the base temperature
(Fig. 3B). Also, now we find a parabolic de-
pendence, but the values are larger than TK

obtained from linear-response measurements.
The difference may indicate the amount of
dephasing due to a nonzero VSD.

The normalized conductance, G/(2e2/h), is

Fig. 1 (left). (A) Atomic force microscope image of the device. An AB ring is
defined in a 2DEG by dry etching of the dark regions (depth is)75 nm). The
2DEG with electron density nS! 2.6* 1015 m+2 is situated 100 nm below
the surface of an AlGaAs/GaAs heterostructure. In both arms of the ring
(lithographic width, 0.5,m; inner perimeter, 6.6,m), a quantum dot can be
defined by applying negative voltages to gate electrodes. The gates at the
entry and exit of the ring are not used. A quantum dot of size)200 nm by
200 nm, containing )100 electrons, is formed in the lower arm using gate voltages Vgl and Vgr (the central plunger gate was not working). The average
energy spacing between single-particle states is )100 ,eV. The conductance of the upper arm, set by Vgu, is kept at zero, except for AB
measurements. (B) Color plot of the conductance G as function of Vgl and B for Vgr ! +448 mV and T ! 15 mK. The upper arm of the AB ring
is pinched off by Vgu ! +1.0 V. Red and blue correspond to high and low conductance, respectively. (C) Two selected traces G(Vgl) for B ! 0
and 0.4 T. The Coulomb oscillations at B ! 0 correspond to the oscillating color in (B). For some ranges of B, the valley conductance increases
considerably, reaching values close to 2e 2/h, i.e., the unitary limit [e.g., along the yellow dashed line at 0.4 T in (B)]. Fig. 2 (right). (A)
Coulomb oscillations in G versus Vgl at B ! 0.4 T for different temperatures. T ranges from 15 mK (thick black trace) up to 800 mK (thick red
trace). Vgr is fixed at +448 mV. The red line in the right inset highlights the logarithmic T dependence between )90 and )500 mK for Vgl !
+413 mV. The left inset explains the variables used in the text with $ ! $L # $R. !0 is negative and measured from the Fermi level in the leads
at equilibrium. (B) Differential conductance dI/dVSD versus dc bias voltage between source and drain contacts VSD for T ranging from 15 mK (thick
black trace) up to 900 mK (thick red trace), at Vgl ! +413 mV and B ! 0.4 T. The inset shows that the width of the zero-bias peak, measured
from the FWHM, increases linearly with T. The red line indicates a slope of 1.7 kB/e. At 15 mK, the FWHM ! 64 ,V, and it starts to saturate
around 300 mK.
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transmission probability of much less than one.
In addition, the on-site Coulomb energy U tends
to block the state with an extra electron on the
dot. Although U is an order of magnitude larger
than the characteristic energy scale kBTK (kB is
the Boltzmann constant), the Kondo effect com-
pletely determines electron tunneling at low en-
ergies (i.e., low T and VSD). In the absence of the
Kondo effect (e.g., for electron number N !
even), the system consists of two separated
Fermi seas. In contrast, for N ! odd, the screen-
ing of the local spin creates a single, extended
many-body system with a single, well-defined
Fermi surface extending throughout the whole
system. The quasiparticles at this Fermi surface
no longer experience the repulsive barrier po-
tentials nor the on-site Coulomb repulsion. Be-
cause the local spin for N ! odd is completely
screened and because the dot has zero spin for

N ! even, the whole system of leads and dot is
in a singlet state over a wide gate voltage range
(between –430 and –350 mV in Fig. 2A), al-
though the nature of the ground state in the even
and odd valleys is very different.

For a quantitative analysis, we rewrite Eq.
1 as ln(TK) ! "!0(!0 # U )/$U # constant,
indicating a quadratic dependence for ln(TK)
on gate voltage Vgl (16 ). Following the work
in (17 ), we fit G versus T for different gate
voltages (Fig. 3C) to the empirical function

G%T & ! G0! T K
'2

T 2 " T K
'2" s

(2)

with TK' ! TK/(21/s – 1)1/2, where the fit
parameter s ( 0.2 for a spin-1⁄2 system (17,
18). Figure 3B shows the obtained Kondo
temperatures TK versus Vgl. The red parabola

demonstrates that the obtained values for TK

are in excellent agreement with Eq. 1 (19).
The Kondo temperature, as derived above,

is obtained from the linear response conduc-
tance. In earlier works (8–12), estimates for TK

were obtained from measurements of dI/dVSD

versus VSD (I is the current between source and
drain). In that case, the full width at half max-
imum (FWHM) was set equal to kBTK/e. How-
ever, applying a finite VSD introduces dephas-
ing even at T ! 0 (6, 20). To compare these two
methods, we also plot FWHM/kB measured for
different gate voltages at the base temperature
(Fig. 3B). Also, now we find a parabolic de-
pendence, but the values are larger than TK

obtained from linear-response measurements.
The difference may indicate the amount of
dephasing due to a nonzero VSD.

The normalized conductance, G/(2e2/h), is

Fig. 1 (left). (A) Atomic force microscope image of the device. An AB ring is
defined in a 2DEG by dry etching of the dark regions (depth is)75 nm). The
2DEG with electron density nS! 2.6* 1015 m+2 is situated 100 nm below
the surface of an AlGaAs/GaAs heterostructure. In both arms of the ring
(lithographic width, 0.5,m; inner perimeter, 6.6,m), a quantum dot can be
defined by applying negative voltages to gate electrodes. The gates at the
entry and exit of the ring are not used. A quantum dot of size)200 nm by
200 nm, containing )100 electrons, is formed in the lower arm using gate voltages Vgl and Vgr (the central plunger gate was not working). The average
energy spacing between single-particle states is )100 ,eV. The conductance of the upper arm, set by Vgu, is kept at zero, except for AB
measurements. (B) Color plot of the conductance G as function of Vgl and B for Vgr ! +448 mV and T ! 15 mK. The upper arm of the AB ring
is pinched off by Vgu ! +1.0 V. Red and blue correspond to high and low conductance, respectively. (C) Two selected traces G(Vgl) for B ! 0
and 0.4 T. The Coulomb oscillations at B ! 0 correspond to the oscillating color in (B). For some ranges of B, the valley conductance increases
considerably, reaching values close to 2e 2/h, i.e., the unitary limit [e.g., along the yellow dashed line at 0.4 T in (B)]. Fig. 2 (right). (A)
Coulomb oscillations in G versus Vgl at B ! 0.4 T for different temperatures. T ranges from 15 mK (thick black trace) up to 800 mK (thick red
trace). Vgr is fixed at +448 mV. The red line in the right inset highlights the logarithmic T dependence between )90 and )500 mK for Vgl !
+413 mV. The left inset explains the variables used in the text with $ ! $L # $R. !0 is negative and measured from the Fermi level in the leads
at equilibrium. (B) Differential conductance dI/dVSD versus dc bias voltage between source and drain contacts VSD for T ranging from 15 mK (thick
black trace) up to 900 mK (thick red trace), at Vgl ! +413 mV and B ! 0.4 T. The inset shows that the width of the zero-bias peak, measured
from the FWHM, increases linearly with T. The red line indicates a slope of 1.7 kB/e. At 15 mK, the FWHM ! 64 ,V, and it starts to saturate
around 300 mK.
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transmission probability of much less than one.
In addition, the on-site Coulomb energy U tends
to block the state with an extra electron on the
dot. Although U is an order of magnitude larger
than the characteristic energy scale kBTK (kB is
the Boltzmann constant), the Kondo effect com-
pletely determines electron tunneling at low en-
ergies (i.e., low T and VSD). In the absence of the
Kondo effect (e.g., for electron number N !
even), the system consists of two separated
Fermi seas. In contrast, for N ! odd, the screen-
ing of the local spin creates a single, extended
many-body system with a single, well-defined
Fermi surface extending throughout the whole
system. The quasiparticles at this Fermi surface
no longer experience the repulsive barrier po-
tentials nor the on-site Coulomb repulsion. Be-
cause the local spin for N ! odd is completely
screened and because the dot has zero spin for

N ! even, the whole system of leads and dot is
in a singlet state over a wide gate voltage range
(between –430 and –350 mV in Fig. 2A), al-
though the nature of the ground state in the even
and odd valleys is very different.

For a quantitative analysis, we rewrite Eq.
1 as ln(TK) ! "!0(!0 # U )/$U # constant,
indicating a quadratic dependence for ln(TK)
on gate voltage Vgl (16 ). Following the work
in (17 ), we fit G versus T for different gate
voltages (Fig. 3C) to the empirical function

G%T & ! G0! T K
'2

T 2 " T K
'2" s

(2)

with TK' ! TK/(21/s – 1)1/2, where the fit
parameter s ( 0.2 for a spin-1⁄2 system (17,
18). Figure 3B shows the obtained Kondo
temperatures TK versus Vgl. The red parabola

demonstrates that the obtained values for TK

are in excellent agreement with Eq. 1 (19).
The Kondo temperature, as derived above,

is obtained from the linear response conduc-
tance. In earlier works (8–12), estimates for TK

were obtained from measurements of dI/dVSD

versus VSD (I is the current between source and
drain). In that case, the full width at half max-
imum (FWHM) was set equal to kBTK/e. How-
ever, applying a finite VSD introduces dephas-
ing even at T ! 0 (6, 20). To compare these two
methods, we also plot FWHM/kB measured for
different gate voltages at the base temperature
(Fig. 3B). Also, now we find a parabolic de-
pendence, but the values are larger than TK

obtained from linear-response measurements.
The difference may indicate the amount of
dephasing due to a nonzero VSD.

The normalized conductance, G/(2e2/h), is

Fig. 1 (left). (A) Atomic force microscope image of the device. An AB ring is
defined in a 2DEG by dry etching of the dark regions (depth is)75 nm). The
2DEG with electron density nS! 2.6* 1015 m+2 is situated 100 nm below
the surface of an AlGaAs/GaAs heterostructure. In both arms of the ring
(lithographic width, 0.5,m; inner perimeter, 6.6,m), a quantum dot can be
defined by applying negative voltages to gate electrodes. The gates at the
entry and exit of the ring are not used. A quantum dot of size)200 nm by
200 nm, containing )100 electrons, is formed in the lower arm using gate voltages Vgl and Vgr (the central plunger gate was not working). The average
energy spacing between single-particle states is )100 ,eV. The conductance of the upper arm, set by Vgu, is kept at zero, except for AB
measurements. (B) Color plot of the conductance G as function of Vgl and B for Vgr ! +448 mV and T ! 15 mK. The upper arm of the AB ring
is pinched off by Vgu ! +1.0 V. Red and blue correspond to high and low conductance, respectively. (C) Two selected traces G(Vgl) for B ! 0
and 0.4 T. The Coulomb oscillations at B ! 0 correspond to the oscillating color in (B). For some ranges of B, the valley conductance increases
considerably, reaching values close to 2e 2/h, i.e., the unitary limit [e.g., along the yellow dashed line at 0.4 T in (B)]. Fig. 2 (right). (A)
Coulomb oscillations in G versus Vgl at B ! 0.4 T for different temperatures. T ranges from 15 mK (thick black trace) up to 800 mK (thick red
trace). Vgr is fixed at +448 mV. The red line in the right inset highlights the logarithmic T dependence between )90 and )500 mK for Vgl !
+413 mV. The left inset explains the variables used in the text with $ ! $L # $R. !0 is negative and measured from the Fermi level in the leads
at equilibrium. (B) Differential conductance dI/dVSD versus dc bias voltage between source and drain contacts VSD for T ranging from 15 mK (thick
black trace) up to 900 mK (thick red trace), at Vgl ! +413 mV and B ! 0.4 T. The inset shows that the width of the zero-bias peak, measured
from the FWHM, increases linearly with T. The red line indicates a slope of 1.7 kB/e. At 15 mK, the FWHM ! 64 ,V, and it starts to saturate
around 300 mK.
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transmission probability of much less than one.
In addition, the on-site Coulomb energy U tends
to block the state with an extra electron on the
dot. Although U is an order of magnitude larger
than the characteristic energy scale kBTK (kB is
the Boltzmann constant), the Kondo effect com-
pletely determines electron tunneling at low en-
ergies (i.e., low T and VSD). In the absence of the
Kondo effect (e.g., for electron number N !
even), the system consists of two separated
Fermi seas. In contrast, for N ! odd, the screen-
ing of the local spin creates a single, extended
many-body system with a single, well-defined
Fermi surface extending throughout the whole
system. The quasiparticles at this Fermi surface
no longer experience the repulsive barrier po-
tentials nor the on-site Coulomb repulsion. Be-
cause the local spin for N ! odd is completely
screened and because the dot has zero spin for

N ! even, the whole system of leads and dot is
in a singlet state over a wide gate voltage range
(between –430 and –350 mV in Fig. 2A), al-
though the nature of the ground state in the even
and odd valleys is very different.

For a quantitative analysis, we rewrite Eq.
1 as ln(TK) ! "!0(!0 # U )/$U # constant,
indicating a quadratic dependence for ln(TK)
on gate voltage Vgl (16 ). Following the work
in (17 ), we fit G versus T for different gate
voltages (Fig. 3C) to the empirical function

G%T & ! G0! T K
'2

T 2 " T K
'2" s

(2)

with TK' ! TK/(21/s – 1)1/2, where the fit
parameter s ( 0.2 for a spin-1⁄2 system (17,
18). Figure 3B shows the obtained Kondo
temperatures TK versus Vgl. The red parabola

demonstrates that the obtained values for TK

are in excellent agreement with Eq. 1 (19).
The Kondo temperature, as derived above,

is obtained from the linear response conduc-
tance. In earlier works (8–12), estimates for TK

were obtained from measurements of dI/dVSD

versus VSD (I is the current between source and
drain). In that case, the full width at half max-
imum (FWHM) was set equal to kBTK/e. How-
ever, applying a finite VSD introduces dephas-
ing even at T ! 0 (6, 20). To compare these two
methods, we also plot FWHM/kB measured for
different gate voltages at the base temperature
(Fig. 3B). Also, now we find a parabolic de-
pendence, but the values are larger than TK

obtained from linear-response measurements.
The difference may indicate the amount of
dephasing due to a nonzero VSD.

The normalized conductance, G/(2e2/h), is

Fig. 1 (left). (A) Atomic force microscope image of the device. An AB ring is
defined in a 2DEG by dry etching of the dark regions (depth is)75 nm). The
2DEG with electron density nS! 2.6* 1015 m+2 is situated 100 nm below
the surface of an AlGaAs/GaAs heterostructure. In both arms of the ring
(lithographic width, 0.5,m; inner perimeter, 6.6,m), a quantum dot can be
defined by applying negative voltages to gate electrodes. The gates at the
entry and exit of the ring are not used. A quantum dot of size)200 nm by
200 nm, containing )100 electrons, is formed in the lower arm using gate voltages Vgl and Vgr (the central plunger gate was not working). The average
energy spacing between single-particle states is )100 ,eV. The conductance of the upper arm, set by Vgu, is kept at zero, except for AB
measurements. (B) Color plot of the conductance G as function of Vgl and B for Vgr ! +448 mV and T ! 15 mK. The upper arm of the AB ring
is pinched off by Vgu ! +1.0 V. Red and blue correspond to high and low conductance, respectively. (C) Two selected traces G(Vgl) for B ! 0
and 0.4 T. The Coulomb oscillations at B ! 0 correspond to the oscillating color in (B). For some ranges of B, the valley conductance increases
considerably, reaching values close to 2e 2/h, i.e., the unitary limit [e.g., along the yellow dashed line at 0.4 T in (B)]. Fig. 2 (right). (A)
Coulomb oscillations in G versus Vgl at B ! 0.4 T for different temperatures. T ranges from 15 mK (thick black trace) up to 800 mK (thick red
trace). Vgr is fixed at +448 mV. The red line in the right inset highlights the logarithmic T dependence between )90 and )500 mK for Vgl !
+413 mV. The left inset explains the variables used in the text with $ ! $L # $R. !0 is negative and measured from the Fermi level in the leads
at equilibrium. (B) Differential conductance dI/dVSD versus dc bias voltage between source and drain contacts VSD for T ranging from 15 mK (thick
black trace) up to 900 mK (thick red trace), at Vgl ! +413 mV and B ! 0.4 T. The inset shows that the width of the zero-bias peak, measured
from the FWHM, increases linearly with T. The red line indicates a slope of 1.7 kB/e. At 15 mK, the FWHM ! 64 ,V, and it starts to saturate
around 300 mK.
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Superconductivity

Coherent pairing of electron states with time-reversal symmetry 
(e.g. k↑ and -k↓ in clean systems)

BCS wave function:

Glue: exchange of phonons or of some other bosons

Bulk phenomena below TC:
Zero resistance
Meißner effect
Flux quantization
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BCS (weak-coupling) theory
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Kondo physics = Screening of the magnetic moment

“infrared
slavery”

T >> TK

“Asymptotic
freedom”

T << TK
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Kondo physics = Screening of the magnetic moment

“infrared
slavery”

T >> TK

“Asymptotic
freedom”

T << TK

Analogy: TK ∼ ΛQCD
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• TK << TC

• no Kondo effect, decoupled impurity, ground state has spin 1/2

• TK >> TC

• magnetic moment already fully screened at TC (spin singlet)

• TK ∼ TC ⇒ interesting physics

Quantum phase transition

„singlet-doublet transition“

Balatsky et al., RMP 78 373 (2006)

Kondo or Anderson impurities in superconductors
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• TK << TC

• no Kondo effect, decoupled impurity, ground state has spin 1/2

• TK >> TC

• magnetic moment already fully screened at TC (spin singlet)

• TK ∼ TC ⇒ interesting physics

Quantum phase transition

„singlet-doublet transition“

Balatsky et al., RMP 78 373 (2006)

Kondo or Anderson impurities in superconductors
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Anderson-Kondo impurity in BCS superconductor
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voltages applied to L and R (see Fig. 1e). This results in blurred
diamond edges (dotted lines) and the appearance of inelastic co-
tunnelling features inside the diamonds. This tunable coupling is
particularly important for reaching the narrow transport regime
where charging effects dominate but, at the same time, the critical
current is large enough to be measurable.
Switching to the superconducting state but with the reference

junction still pinched off, two peaks in dI/dV develop around
V < ^ 200 mV ! ^2D*/e (Fig. 2b). 2D* is the superconducting
gap induced in the nanowire by the proximity effect (Fig. 2a inset).
These features are due to second-order co-tunnelling, and the peak
shape reflects the singularities in the quasiparticle density of states at
the gap edges. In spite of the Coulomb blockade effect, we observe a
finite supercurrent, Ic,qd, through the nanowire quantum dot. We
exploit the SQUID geometry to determine the critical value and the
sign of this supercurrent in a current-biased measurement22. When
an integer number of flux quanta are applied through the SQUID
area, the critical current of the SQUID corresponds to the sum of the
critical currents of the two junctions2, that is, I c ! I c,qd " Ic,REF. We
set Ic,REF ! 320 pA, and extract the VL-dependence of Ic,qd directly

from the measurement of Ic (Fig. 2a). We find Ic,qd , 0 for two
charge states of the quantum dot, denoted by a yellow diamond and a
yellow square in Fig. 2b. The negative supercurrent of the quantum
dot junction is confirmed by the F0/2 shift between the SQUID
oscillations for I c,qd , 0 (Fig. 2c, red trace) and those for I c,qd . 0
(blue trace). A colour plot of I c(VL,F) in Fig. 2d shows the transitions
between positive and negative supercurrents around the charge state
denoted by the yellow square.
Negative supercurrents have been predicted for superconductors

coupled by amagnetic impurity or a single-level interacting quantum
dot3–5,7. In these systems resonant tunnelling of Cooper pairs is
prohibited owing to Coulomb blockade. Nevertheless, Cooper
pairs can be transported via fourth-order co-tunnelling events.
Three examples of such events are shown in Fig. 3. The top and
bottom diagrams are the initial and final states, respectively, and the

Figure 1 | Sample layout and device characterization. a, Scanning electron
micrograph of the InAs nanowire SQUID. Two nanowires (diameter
,60 nm) are incorporated in a superconducting loop (100 nm Al on 10 nm
Ti). Aluminium top-gates (L and R) with a spacing of ,65 nm are used to
define a quantum dot in the top nanowire. A third gate (REF) is used to
control the reference junction. b, High-resolution image of the top nanowire
shown boxed in a. c, Critical current of the SQUID, Ic, versus magnetic flux,
F (in units of the flux quantum, F0), for different voltages applied to the
reference gate (VREF ! 0V (blue trace), 20.64V (green), and 20.80V
(red)), demonstrating full electrical control over the amplitude of the
SQUID oscillations. d, Colour plot of absolute current through the dot, jIj,
(increasing from white (0 pA) to red (5 pA)) versus source–drain bias
voltage, V, and VL !VR in the normal state. The Coulomb diamonds are
well defined owing to the weak tunnel coupling between quantum dot and
leads. e, Differential conductance, dI/dV (increasing from white (0.1mS)
to red (40mS)), as a function of V and VL (VR ! 20.40V). The stronger
dot–lead coupling results in blurred diamond edges (indicated by dotted
lines) and horizontal features inside the diamonds due to inelastic
co-tunnelling. Data in d and e are taken at T ! 30mK, and in a small
magnetic field to drive the superconducting contacts into the normal state.

Figure 2 | Supercurrent reversal in an interacting quantum dot. a, Plot of
the critical current of the quantum dot, Ic,qd, as a function of gate voltage,
VL, for the same gate voltage region as in b. QD, quantum dot; S, source;
D, drain. A negative supercurrent is observed for two charge states. Inset,
diagram of the quantum dot in the nanowire. b, Colour scale plot of
differential conductance, dI/dV(V,VL), in the superconducting state (dI/dV
increases from blue, through white, to red; VREF ! 20.8V). The two peaks
in dI/dV at V < ^ 200mVare due to quasiparticle co-tunnelling, and their
spacing (4D* as indicated) provides a direct measurement of the induced
superconducting gap in the nanowire. Yellow symbols (diamond and
square) indicate two charge states that exhibit negative supercurrent. Blue
dotted lines indicate the diamond edges. c, Two Ic(F) curves taken at gate
voltages indicated by the vertical red and blue dotted lines in b,
demonstrating the shift by F0/2 between the conventional (blue) and the
p-regime (red). d, Critical current of the SQUID, Ic, in colour-scale as a
function ofF and VL. Yellow square: the interference signal is shifted by half
a flux quantum compared to adjacent Coulomb diamonds, indicating the
p-shift in the Josephson relation. Red and blue dotted lines correspond to
red and blue traces in c. Individual Ic(F) curves can be fitted very well with a
sine-function within the measurement accuracy. e, Grey-scale plot of linear
conductance, G (increasing from black to white), as a function of magnetic
field,B, andVL. Yellow square: the Coulomb peak spacing in this charge state
increases with increasing field owing to the Zeeman effect, indicating that
the number of electrons is odd. All measurements are taken at T ! 30mK.
Note that the measurements in a, c and d are current-biased and in b and e
voltage-biased.
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voltages applied to L and R (see Fig. 1e). This results in blurred
diamond edges (dotted lines) and the appearance of inelastic co-
tunnelling features inside the diamonds. This tunable coupling is
particularly important for reaching the narrow transport regime
where charging effects dominate but, at the same time, the critical
current is large enough to be measurable.
Switching to the superconducting state but with the reference

junction still pinched off, two peaks in dI/dV develop around
V < ^ 200 mV ! ^2D*/e (Fig. 2b). 2D* is the superconducting
gap induced in the nanowire by the proximity effect (Fig. 2a inset).
These features are due to second-order co-tunnelling, and the peak
shape reflects the singularities in the quasiparticle density of states at
the gap edges. In spite of the Coulomb blockade effect, we observe a
finite supercurrent, Ic,qd, through the nanowire quantum dot. We
exploit the SQUID geometry to determine the critical value and the
sign of this supercurrent in a current-biased measurement22. When
an integer number of flux quanta are applied through the SQUID
area, the critical current of the SQUID corresponds to the sum of the
critical currents of the two junctions2, that is, I c ! I c,qd " Ic,REF. We
set Ic,REF ! 320 pA, and extract the VL-dependence of Ic,qd directly

from the measurement of Ic (Fig. 2a). We find Ic,qd , 0 for two
charge states of the quantum dot, denoted by a yellow diamond and a
yellow square in Fig. 2b. The negative supercurrent of the quantum
dot junction is confirmed by the F0/2 shift between the SQUID
oscillations for I c,qd , 0 (Fig. 2c, red trace) and those for I c,qd . 0
(blue trace). A colour plot of I c(VL,F) in Fig. 2d shows the transitions
between positive and negative supercurrents around the charge state
denoted by the yellow square.
Negative supercurrents have been predicted for superconductors

coupled by amagnetic impurity or a single-level interacting quantum
dot3–5,7. In these systems resonant tunnelling of Cooper pairs is
prohibited owing to Coulomb blockade. Nevertheless, Cooper
pairs can be transported via fourth-order co-tunnelling events.
Three examples of such events are shown in Fig. 3. The top and
bottom diagrams are the initial and final states, respectively, and the

Figure 1 | Sample layout and device characterization. a, Scanning electron
micrograph of the InAs nanowire SQUID. Two nanowires (diameter
,60 nm) are incorporated in a superconducting loop (100 nm Al on 10 nm
Ti). Aluminium top-gates (L and R) with a spacing of ,65 nm are used to
define a quantum dot in the top nanowire. A third gate (REF) is used to
control the reference junction. b, High-resolution image of the top nanowire
shown boxed in a. c, Critical current of the SQUID, Ic, versus magnetic flux,
F (in units of the flux quantum, F0), for different voltages applied to the
reference gate (VREF ! 0V (blue trace), 20.64V (green), and 20.80V
(red)), demonstrating full electrical control over the amplitude of the
SQUID oscillations. d, Colour plot of absolute current through the dot, jIj,
(increasing from white (0 pA) to red (5 pA)) versus source–drain bias
voltage, V, and VL !VR in the normal state. The Coulomb diamonds are
well defined owing to the weak tunnel coupling between quantum dot and
leads. e, Differential conductance, dI/dV (increasing from white (0.1mS)
to red (40mS)), as a function of V and VL (VR ! 20.40V). The stronger
dot–lead coupling results in blurred diamond edges (indicated by dotted
lines) and horizontal features inside the diamonds due to inelastic
co-tunnelling. Data in d and e are taken at T ! 30mK, and in a small
magnetic field to drive the superconducting contacts into the normal state.

Figure 2 | Supercurrent reversal in an interacting quantum dot. a, Plot of
the critical current of the quantum dot, Ic,qd, as a function of gate voltage,
VL, for the same gate voltage region as in b. QD, quantum dot; S, source;
D, drain. A negative supercurrent is observed for two charge states. Inset,
diagram of the quantum dot in the nanowire. b, Colour scale plot of
differential conductance, dI/dV(V,VL), in the superconducting state (dI/dV
increases from blue, through white, to red; VREF ! 20.8V). The two peaks
in dI/dV at V < ^ 200mVare due to quasiparticle co-tunnelling, and their
spacing (4D* as indicated) provides a direct measurement of the induced
superconducting gap in the nanowire. Yellow symbols (diamond and
square) indicate two charge states that exhibit negative supercurrent. Blue
dotted lines indicate the diamond edges. c, Two Ic(F) curves taken at gate
voltages indicated by the vertical red and blue dotted lines in b,
demonstrating the shift by F0/2 between the conventional (blue) and the
p-regime (red). d, Critical current of the SQUID, Ic, in colour-scale as a
function ofF and VL. Yellow square: the interference signal is shifted by half
a flux quantum compared to adjacent Coulomb diamonds, indicating the
p-shift in the Josephson relation. Red and blue dotted lines correspond to
red and blue traces in c. Individual Ic(F) curves can be fitted very well with a
sine-function within the measurement accuracy. e, Grey-scale plot of linear
conductance, G (increasing from black to white), as a function of magnetic
field,B, andVL. Yellow square: the Coulomb peak spacing in this charge state
increases with increasing field owing to the Zeeman effect, indicating that
the number of electrons is odd. All measurements are taken at T ! 30mK.
Note that the measurements in a, c and d are current-biased and in b and e
voltage-biased.
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• General remarks:

➡ Presently only particle hole symmetric setup

➡ Restriction to T=0 

➡ Not yet systematic scan of parameter space, typically

TK(J=0) =: TK0 smallest energy scale 



Anderson Impurity in SC Bath with 
Side Coupled Kondo Spin

New directions of superconducting nanostructures,  
Nagoya University, September 4./5. 2009

Institute for Theoretical Physics

• =0, J0        Peters & TP, New J. Phys. 8, 127 (2006)

➡ Competition between Kondo and local singlet

➡ „Two stage screening“ for 

➡ Always gap in spectrum at =0 0
ln(2)
ln(4)
ln(8)

En
tro
py

J=0
|J|<<TK

(0)

|J|≈TK
(0)

|J|>>TK
(0)

|J|=U/4

10-15 10-10 10-5 100 105

T/TK
(0)

0
1/4
1/2
2/3

Tχ
Im
p(
T)

0
0.2
0.4
0.6
0.8
1

πΓ
0ρ
(ω
)

J<0
SI=0

SI=1/2

SI=1

SI=3/2

SI=10

[SI(SI+1)]1/2|J|=10-3D, Γ0=0.003D, U=Γ0

10-10 10-5 100
0

0.5

1

-10 -5 0 5 10
ω/Γ

0

0
0.2
0.4
0.6
0.8

πΓ
0ρ
(ω
)

J>0

10-10 10-5 100
0

0.5

1

!0 :=
1
N

!

!k

|V!k|2!(µ! "!k)

S=1/2



-2 0 2
ω/πΓ

0

0

0,5

1

πΓ
0⋅

 A
(ω

)

-1 0 1
ω/Δ

0

0,5

1U/πΓ
0
=0.0

U/πΓ
0
=0.8

U/πΓ
0
=1.6

U/πΓ
0
=2.4

U/πΓ
0
=3.2

Anderson Impurity in SC Bath with 
Side Coupled Kondo Spin

New directions of superconducting nanostructures,  
Nagoya University, September 4./5. 2009

Institute for Theoretical Physics

• 0, J=0

➡ Andreev bound states in gap                                              Yoshihide Tanaka et al., N. J. Phys. 2007, Bauer et al.,  J. Phys. ʼ07
Spectral properties of locally correlated electrons in a BCS superconductor 10
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Figure 3. Bound state energies Eb (left) and weights wb (right) for various U/!! and
"sc. Both quantities have been scaled by the corresponding value of "sc; !! = 0.2.

increases with U . The larger the gap !sc the smaller critical value Uc for this ground

state transition becomes. In the case where !sc is of the order of " - as can be seen for

the case !sc = 0.06 - the bound state energy Eb lies in the middle of the gap already for
the non-interacting case, but otherwise shows a similar behaviour as described above.

On the right hand side of figure 3 the weight wb of these bound states can be seen.

We have marked the position Uc of the singlet-doublet crossover point by a symbol

on the x-axis. The two curves for a value of the gap !sc = 0.001 and !sc = 0.01

have a maximum for some intermediate value of U which is smaller than the critical Uc

for the ground state transition. This behaviour can be understood from the analytic
behaviour of the explicit equation (11) derived earlier. For the other curve (!sc = 0.06)

the weight is maximal for the non-interacting case. In all cases the weight becomes very

small for large U . Note that we plot the weight scaled by the gap parameter, wb/!sc,

and therefore the absolute values are larger for the cases with larger superconducting

gap. At the singlet-doublet transition we can see discontinuous behaviour as the weight

changes sharply. This is a feature of the zero temperature calculation, where the matrix
elements in the Lehmann sum (16) change their values discontinuously when the levels

cross on increasing U , such that the nature of the ground state changes. It can be seen

for the anomalous correlations !d!d"" in figure 8 later, as well. For finite temperature

this discontinuity becomes smooth.

3.1.3. Spectral functions for larger gap In figure 4 we show for comparison the diagonal

spectral function for a larger gap !sc = 0.02 for the diagonal Green’s function at the

impurity site for a number of di#erent values of U .

The overall picture on the left is similar to the case in figure 1 with the smaller gap. Due

to the larger gap the formation of the central Kondo resonance is completely suppressed,
but the high energy spectrum is as before. From the behaviour within the gap (right

side in figure 4) we can see that the bound state position E±
b goes to zero for smaller

U values than in the case !sc = 0.005, and hence the ground state transition occurs for

smaller Uc for the larger gap (Uc/!" # 2.03). This was analysed in detail in figure 3
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the case !sc = 0.06 - the bound state energy Eb lies in the middle of the gap already for
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• Additional axis in parameter space 
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• 0, J0 AF, Coulomb repulsion U=0, TK /0  0.026  
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• 0, J0 AF, Coulomb repulsion U=20, TK/0  0.46, TK(J=0)/0  0.025
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• 0, J0 FM, Coulomb repulsion U=0
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• Single impurity Anderson model with side-coupled Kondo spin

➡ Competition between Kondo singlet and „local singlet“

• Superconducting bath

➡ Large J  No singlet-doublet transition due to „preformed singlet“

➡ Small J  Additional bound states near gap close to singlet-doublet transition

• Possible realization:

➡ Explicit construction (two weakly coupled dots, one weakly coupled to band states)

➡ Shell effects in small QD  Hundʻs coupling, usually ferromagnetic

• Future: Calculate current and Josephson current through device


